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ABSTRACT
Supersymmetric black holes provide an excellent theoretical lab-
oratory to test ideas about quantum gravity in general and black
hole entropy in particular. When four-dimensional supergravity
is interpreted as the low-energy approximation of ten-dimensional
string theory or eleven-dimensional M-theory, one has a micro-
scopic description of the black hole which allows one to count
microstates and to compare the result to the macroscopic (geo-
metrical) black hole entropy. Recently it has been conjectured
that there is a very direct connection between the partition func-
tion of the topological string and a partition for supersymmetric
black holes. We review this idea and propose a modification
which makes it compatible with electric-magnetic duality.
∗This article is based on an a talk given at the 11th Marcel Grossmann Meeting in
Berlin, July 23 - 29, 2006.
1 Supersymmetric Black Holes
Our setup for constructing supersymmetric black hole solutions is N = 2
supergravity couled to n vector multiplets. This arises2 as the effective field
theory of heterotic string compactifications on K3×T 2 and of type-II string
theory on Calabi-Yau threefolds. The field equations are invariant under
Sp(2n + 2,R) rotations, which generalize the electric-magnetic duality ro-
tations of Einstein-Maxwell theory.3 As a consequence, all vector multiplet
couplings are encoded in a single holomorphic function called the prepo-
tential F . This function must be homogenous of degree 2 in its variables
Y I , which provide homogenous coordinates on the scalar manifold MVM.
The Ka¨hler potential for the metric on MVM can be expressed in terms of
the holomorphic prepotential. The resulting geometry is known as special
(Ka¨hler) geometry [1, 2]. It is possible to include a certain class of higher
derivative terms involving the square of the Riemann tensor and arbitrary
powers of gauge field strengths, by giving the prepotential an explicit de-
pendence on the so-called Weyl multiplet. Associated to these terms is
an infinite series of field-dependent couplings. In type-II compactifications
these couplings can be computed in terms of the free energy of topologically
twisted string theory [3, 4].
As long as we neglect the higher derivative terms, we are dealing with
a generalized Einstein-Maxwell theory with several abelian gauge fields and
field-dependent couplings, plus a scalar sigma-model. The supersymmet-
ric black hole solutions of such a theory are natural generalizations of the
extremal Reissner-Nordstro¨m black hole. Besides that the black hole now
carries several electric and magnetic charges, the new feature is that we have
scalar fields which vary non-trivially as a function of the radial variable.4 At
infinity, the solutions are asymptotically flat and the scalars can take arbi-
trary values inMVM. The behaviour at the horizon is radically different: the
scalars cannot take arbitrary values but must take fixed point values which
are determined by the electric and magnetic charges of the black hole. This
is the so-called black hole attractor mechanism [5], which generalizes to the
case where higher derivative terms are included [6, 7]. Since both metric
and gauge fields are determined by the scalar fields through supersymmetry,
it follows that the area of the event horizon is a function of the electric and
2together with further matter multiplets which are irrelevant for our purposes.
3If the supergravity action is the low energy effective action of a string compactification,
then string dualities, such as S-duality and T-duality, are embedded into the symplectic
group.
4 We only consider spherically symmetric solutions here.
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magnetic charges, and does not depend on the values of the scalar fields
at infinity. Once higher curvature terms are included in the action, the
black hole entropy is no longer given by one quarter of the area of the event
horizon5 but is given by the surface charge of the Killing vector field which
becomes null on the horizon [8]. When evaluating the surface charge for su-
persymmetric black holes in N = 2 supergravity, one sees that the entropy
is given by the sum of two symplectic functions of the charges [6]. While
the first term is the area of the horizon divided by 4, the second term de-
pends only on the couplings of the higher derivative terms. Therefore the
black hole entropy is modified in two ways: first through the modification of
the area itself, second by the deviation from the area law. The microscopic
state degeneracy[9, 10] agrees with black hole entropy if and only if both
corrections are taken into account [6].
2 Black Hole Partition Functions
If one performs a partial Legendre transformation of the black hole entropy,
which replaces the electric charges by the associated electrostatic potentials,
one obtains the imaginary part of the ‘generalized prepotential’ [11]. This is
a power series in the Weyl multiplet which has as its coefficients the prepo-
tential (determining the two-derivative couplings) and the coupling functions
of the higher derivative terms. By the relation between couplings in the ef-
fective action and the topological string, this function is proportional to the
real part of the (holomorphic) free energy of the topologically twisted type-
II string. This suggests to interprete the imaginary part of the generalized
prepotential as the free energy of the black hole, and one obtains the ‘OSV-
relation’ [11] ZBH = |Ztop|
2, which relates the black hole partition function
(exponential of the free energy) to the partition function of the topological
string. However, many details of this proposal need to be made more pre-
cise. One is whether the relation is meant to be an exact statement (strong
version) or as an asymptotic statement in the limit of large charges, which
corresponds to the semi-classical limit (weak version). Before reviewing the
evidence supporting the weak version, we need to address another point. By
definition, the black hole free energy is a function of the magnetic charges
and of the electrostatic potential. Thermodynamically this corresponds to a
mixed ensemble, where the magnetic charges have been fixed, while electric
charges fluctuate and the corresponding chemical potentials are fixed [11].
This implies that a fundamental property, namely covariance with respect
5We are using Planckian units.
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to symplectic transformations is not manifest. As a consequence, it is not
clear whether the proposal is compatible with string dualities. In fact, dis-
crepancies between the actual microscopic state degeneracy and the state
degeneracy predicted by the OSV conjecture show that the OSV-relation
must be modified[12, 13]. A natural way of deriving the modification is
based on the observation that the full Legendre transformation of the black
hole entropy, where both electric and magnetic charges are replaced by the
corresponding potentials has a natural meaning: the resulting function is a
Hesse potential for the metric on the scalar manifold [13]. Moreover, the re-
lations between entropy, free energy (mixed ensemble), Hesse potential and
attractor equations can be formulated in terms of a variational principle
[14, 13]. This suggests to interprete the Hesse potential as the free energy of
the black hole, but now with respect to a canonical instead of a mixed ensem-
ble. One can show that this proposal leads to a specific correction factor in
the OSV-relation. Explicit tests can be performed in compactifications with
N = 4 supersymmetry, which can be treated within the N = 2 formalism
explained in this article [15]. Subleading corrections to the state degeneracy
have been computed [16, 17, 18] and the result agrees with the canonical
black hole partition function proposed in [13] in the semi-classical limit. The
agreement is impressive as it involves an infinite series of non-perturbative
corrections to the effective action.6 The precise relation between the canon-
ical black hole partition function and the topological string remains to be
clarified.
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